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a b s t r a c t
In this paper,we investigate positive solutions of the strongly coupled degenerate parabolic
system with localized sources ut = vp(∆u + af (u(x0, t))), vt = uq(∆v + bg(v(x0, t))),
subject to null Dirichlet boundary conditions. The conditions for global and non-global
solutions are determined respectively. Furthermore, it is proved for radial blow-up
solutions that the blow-up set consists of the whole domain.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper, we consider the following degenerate and strongly coupled, parabolic system with localized sources
ut = vp (1u+ af (u(x0, t))) , (x, t) ∈ Ω × (0, T ),
vt = uq (1v + bg(v(x0, t))) , (x, t) ∈ Ω × (0, T ),
u = v = 0, (x, t) ∈ ∂Ω × (0, T ),
u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω¯,
(1.1)
whereΩ ⊂ RN is a bounded domain with smooth boundary ∂Ω and a, b, p, q are positive constants with pq < 1, x0 ∈ Ω
is a fixed point; u0(x), v0(x) ∈ C1(Ω¯), u0, v0 > 0 in Ω, u0 = v0 = 0 with ∂u0∂η , ∂v0∂η < 0 on ∂Ω; f (s), g(s) ∈
C([0,∞)) ∩ C1(0,∞)with f ′(s), g ′(s) > 0 in (0,∞) and f (0), g(0) ≥ 0.
The system (1.1) can be used to describe the development of two populations in the dynamics of biological ecologywhere
u and v represent the densities of the two species.
Over the last two decades, much effort has been devoted to the study of global and nonglobal solutions of degenerate
parabolic equations. Among them, Gao et al. [1] obtained existence and non-existence of global solutions to the degenerate
parabolic equation with localized source
ut = up (1u+ af (u(x0, t))) inΩ × (0, T ), u = 0 on ∂Ω × (0, T ).
Wang et al. [2] and Li et al. [3] studied the strongly coupled degenerate parabolic system
ut = vp(1u+ au) inΩ × (0, T ),
vt = uq(1v + bv) inΩ × (0, T ),
u = v = 0 on ∂Ω × (0, T ),
u(x, 0) = u0(x), v(x, 0) = v0(x) on Ω¯,
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and proved that there exist global positive classical solutions if and only if min{a, b} ≤ λ1, where λ1 is the first eigenvalue
of Dirichlet problem
−1φ = λφ inΩ, φ = 0 on ∂Ω, (1.2)
and φ(x) the corresponding eigenfunction, normalized by φ(x) > 0 in Ω and maxΩ¯ φ = 1. As for more results related to
degenerate parabolic equations, refer to, e.g., [4,2,5–10].
In this paper we study the conditions under which the global and non-global solutions, respectively, are admitted by
the strongly coupled system (1.1) with nonlinear localized sources. In addition, the global blow-up will be proved for radial
solutions.
2. Local existence
We begin with the existence of local solutions to (1.1). Denote ΩT = Ω × (0, T ), ST = ∂Ω × (0, T ). The following
comparison principle will play a crucial role in the paper.
Lemma 2.1. Assumew(x, t), z(x, t) ∈ C2,1(ΩT ) ∩ C(Ω¯T ) and satisfy
wt ≥ a1(x, t)1w + b1(x, t)w(x0, t)+ c1(x, t)z + d1(x, t)wz inΩT ,
zt ≥ a2(x, t)1z + b2(x, t)z(x0, t)+ c2(x, t)w + d2(x, t)wz inΩT ,
w(x, t), z(x, t) ≥ 0 on ST ,
w(x, 0), z(x, 0) ≥ 0 on Ω¯,
where ai(x, t), bi(x, t), ci(x, t) and di(x, t) are continuous functions in ΩT , x0 ∈ Ω, ai(x, t) > 0, ci(x, t) ≥ 0 in ΩT and
bi(x, t), ci(x, t) are bounded on Ω¯T0 for any T0 < T , i = 1, 2. Thenw(x, t), z(x, t) ≥ 0 inΩT .
Lemma 2.1 is very similar to Proposition 1 in [2], and so we omit the proof here.
The next lemma deals with another comparison principle used in this paper.
Lemma 2.2. Let (u, v) and (u, v) ∈ C2,1(ΩT ) ∩ C(Ω¯T ) be two solutions of (1.1) satisfying
(u, v) ≥ (u, v) on ∂Ω × (0, T ), (u(x, 0), v(x, 0)) ≥ (u(x, 0), v(x, 0)) on Ω¯
with at least one of them nondecreasing in t. Then (u, v) ≥ (u, v) inΩT .
Proof. Without loss of generality, assume ut , vt ≥ 0. Letw = u− u, z = v − v. Then
wt = ut − ut = vp(1u+ af (u(x0, t)))− vp(1u+ af (u(x0, t)))
= vp1w + avpf ′(ξ1)w(x0, t)+ (1u+ af (u(x0, t)))(vp − vp)
= vp1w + avpf ′(ξ1)w(x0, t)+ putηp−11 z,
where ξ1 = ξ1(t) is a function between u(x0, t) and u(x0, t), η1 = η1(x, t) is between v(x, t) and v(x, t). In the sequel, we
will use ξi, ηi (i = 1, 2, . . . , 6) to denote the functions required by Lagrange’s formula. We also have
zt = uq1z + buqg ′(ξ2)z(x0, t)+ qvtηq−12 w,
withw(x, 0), z(x, 0) ≥ 0 on Ω¯, w, z ≥ 0 on ST . By Lemma 2.1 we obtainw(x, t), z(x, t) ≥ 0 for (x, t) ∈ ΩT . 
To show the local solvability of problem (1.1), consider the following regularized problem
unt = Fn(vn)(1un + af (un(x0, t))) inΩT ,
vnt = Gn(un)(1vn + bg(vn(x0, t))) inΩT ,
un = vn = 1n on ST ,
un(x, 0) = u0(x)+ 1n , vn(x, 0) = v0(x)+
1
n
on Ω¯
(2.1)
where
Fn(vn) =

vpn for vn ≥
1
n
,
1
n
p
for vn <
1
n
,
Gn(un) =

uqn for un ≥
1
n
,
1
n
q
for un <
1
n
.
By the classical parabolic theory [11], the regularized problem (2.1) has a unique positive solution (un, vn) in ΩTn . Using
maximum principle [12] we conclude that un, vn ≥ 1n , and hence satisfy
unt = vpn(1un + af (un(x0, t))), vnt = uqn(1vn + bg(vn(x0, t))) (2.2)
with the initial and boundary conditions in (2.1).
Now, we construct a uniform bounds for (un, vn), with the maximum existence time Tn.
2566 S. Zhou, S. Zheng / Computers and Mathematics with Applications 60 (2010) 2564–2571
Lemma 2.3. There exist T < Tn and k, ρ > 0 such that un, vn ≥ ϕ(x, t) = kφ(x)e−ρt inΩT provided u0, v0 ≥ kφ(x), where
φ(x) > 0 is defined in (1.2).
Proof. Consider the system
u˜t = v˜p(1u˜+ af (u˜(x0, t))) inΩT˜ ,
v˜t = u˜q(1v˜ + bg(v˜(x0, t))) inΩT˜ ,
u˜ = f˜ (t), v˜ = g˜(t) on ST˜ ,
u˜(x, 0) = v˜(x, 0) = ζ on Ω¯,
(2.3)
where ζ = ‖u0‖∞ + ‖v0‖∞ + 1, and f˜ (t), g˜(t) ∈ C∞([0,∞)) satisfy
f˜ ′(t), g˜ ′(t) > 0, f˜ (0) = g˜(0) = ζ , f˜ ′(0) = aζ pf (ζ ), g˜ ′(0) = bζ qg(ζ ). (2.4)
The classical parabolic theory ensures that (2.3) has a unique classical solution (u˜, v˜)with u˜, v˜ ≥ ζ .
Letw = u˜t , z = v˜t . Differentiating (2.3) with respect to t and combining with (2.4), we obtain
wt = v˜p1w + av˜pf ′(u(x0, t))w(x0, t)+ p
v˜
wz inΩT˜ ,
zt = u˜q1z + bu˜qg ′(v(x0, t))z(x0, t)+ qu˜wz inΩT˜ ,
w = f˜ ′(t) > 0, z = g˜ ′(t) > 0 on ST˜ ,
w(x, 0) = z(x, 0) = 0 on Ω¯.
(2.5)
By Lemma 2.1 we know u˜t , v˜t ≥ 0 inΩT˜ , and hence (un, vn) ≤ (u˜, v˜) inΩT˜ by Lemma 2.2 with T˜ ≤ Tn.
Now consider the uniform lower bound for (un, vn). Choose ρ = λ1 supΩT (u˜q + v˜p) for T ∈ (0, T˜ ), and denote
W = un − kφ(x)e−ρt , Z = vn − kφ(x)e−ρt . Then
Wt = unt + kρφ(x)e−ρt
≥ vpn1W + kφ(x)e−ρt(ρ − λ1v˜p) ≥ vpn1W , (2.6)
Zt ≥ uqn1Z . (2.7)
Let k be small such that u0(x), v0(x) ≥ kφ(x) on Ω¯ . Then it follows from Lemma 2.1 with (2.6) and (2.7) that un ≥
kφ(x)e−ρt , vn ≥ kφ(x)e−ρt inΩT . 
Next, we will give some estimation for (un, vn). Denote
V 1,02 (ΩT ) =

w : max
0≤t≤T
‖w(·, t)‖2,Ω + ‖∇w‖2,ΩT <∞

.
Lemma 2.4. The solution of (2.1) satisfies un, vn ∈ V 1,02 (ΩT ).
Proof. We only give the details for un. Multiplying the first equation of (2.2) by unt
v
p
n
and integrating overΩt , 0 < t < T , we
get ∫
Ωt
u2nτ
v
p
n
dxdτ =
∫
Ωt
unτ (1un + af (un(x0, τ )))dxdτ
≤ 1
2
∫
Ω
(|∇u0|2 − |∇un|2)dx+ a
∫
Ωt
f (un(x0, τ ))unτdxdτ .
Since by Young’s inequality
a
∫
Ωt
f (un(x0, τ ))unτdxdτ ≤ a
2
2
∫
Ωt
f 2(un(x0, τ ))vpndxdτ +
1
2
∫
Ωt
u2nτ
v
p
n
dxdτ
≤ a
2
2
f 2(u˜(x0, T ))
∫
Ωt
vpndxdτ +
1
2
∫
Ωt
u2nτ
v
p
n
dxdτ ,
we have∫
Ω
|∇un|2dx ≤ c2,
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and hence∫
ΩT
|∇un|2dxdt ≤ c3,
where and in the sequel ci (i = 1, . . . , 4) are positive constants independent of n. The fact
max
0≤t≤T
∫
Ω
u2ndx ≤ c4
is obviously true. 
Combining Lemmas 2.3 and 2.4, we can get via a standard procedure the local existence result for (1.1):
Theorem 2.1. There exists a local solution (u, v) of (1.1) inΩT with the maximal existence time T . If T <∞, then
lim sup
t→T
(‖u(·, t)‖∞ + ‖v(·, t)‖∞) = ∞. 
3. Global existence and nonexistence
We establish the existence and nonexistence of global solutions to the problem (1.1) in this section. At first consider the
conditions for global solutions.
Theorem 3.1. The problem (1.1) admits global solutions if one of the following holds:
(i) Both a and b are small enough;
(ii) lims→0 f (s)s = lims→0 g(s)s = 0 with both u0(x) and v0(x) small enough;
(iii) g(s) = c1s with a small enough, or f (s) = c2s with b small enough;
(iv) lims→0 f (s)s = 0 and g(s) = c1s with u0(x) small enough, or lims→0 g(s)s = 0 and f (s) = c2s with v0(x) small enough.
Proof. Let ψ(x) be the unique positive solution of the following elliptic problem
−1ψ = 1 inΩ, ψ = 1 on ∂Ω.
Then ψ ∈ C2(Ω) ∩ C(Ω¯) with ψ ≥ 1 on Ω¯ and M = maxΩ¯ ψ > 1. Set w = Kψ − u, z = Kψ − v, with K > 0 to be
determined. Then
wt = −vp(1u+ af (u(x0, t)))
= vp1w − Kvp1ψ − avpf (u(x0, t))
= vp1w + avpf (Kψ(x0))− avpf (u(x0, t))− avpf (Kψ(x0))+ Kvp
≥ vp1w + avpf ′(ξ3)w(x0, t)+ vp(K − af (KM)), (3.1)
and similarly
zt ≥ uq1z + buqg ′(η3)z(x0, t)+ uq(K − bg(KM)). (3.2)
(i) Choose K = max(‖u0‖∞, ‖v0‖∞),a = Kf (KM) ,b = Kg(KM) . Then it follows from (3.1) and (3.2) with a ≤ a and b ≤ b
that wt ≥ v
p1w + avpf ′(ξ)w(x0, t), zt ≥ uq1z + buqg ′(η)z(x0, t) inΩT
w(x, 0) = Kψ(x)− u0(x), z(x, 0) = Kψ(x)− v0(x) on Ω¯
w(x, t) = z(x, t) = K on ST .
We knoww, z ≥ 0 by Lemma 2.1. This implies that the solution is uniformly bounded with u, v ≤ Kψ(x).
(ii) If lims→0 f (s)s = 0, lims→0 g(s)s = 0, then there exists a small positive constant κ such that
f (s)
s
≤ 1
aM
,
g(s)
s
≤ 1
bM
for s ∈ (0, κ]. (3.3)
It follows from (3.3) with K = κ2M that
af (KM) ≤ K , bg(KM) ≤ K . (3.4)
Let u0(x), v0(x) be small such that u0(x), v0(x) ≤ K on Ω¯ . By (3.1), (3.2) and (3.4), we have u, v ≤ Kψ(x).
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(iii) We know by (3.1) with a ≤a that u ≤ Kψ inΩT . Setting z = KeebKqt − v with g(s) = c1s, we have
zt = bK q+1ebKqteebK
qt − vt
= bK q+1ebKqteebKqt − uq(1v + bc1v(x0, t))
≥ bK q+1ebKqteebKqt − uq1v − K qψqbc1v(x0, t)
= uq1z + bK q[KeebKqt ebKqt − ψqc1v(x0, t)]
≥ uq1z + bK qebKqtz(x0, t)+ bK qv(x0, t)[ebKqt −Mqc1].
For t0 ∈ (0, T ), take K large such that ebKqt0 ≥ Mqc1, and set K1 = maxΩ¯ v(·, t0), K = max

logMqc1
bt0
, K1

. Then
zt ≥ uq1z + bK qebKqtz(x0, t), (x, t) ∈ Ω × [t0, T ),
z(x, t) = KeebKqt > 0, (x, t) ∈ ∂Ω × [t0, T ),
z(x, t0) ≥ K − K1 ≥ 0, x ∈ Ω¯.
By Lemma 2.1, we conclude v ≤ KeebKqt for (x, t) ∈ Ω × [t0, T ).
(iv) This case can be treated by the arguments used for the cases (ii) and (iii). 
Next, we give the conditions for non-global solutions.
Theorem 3.2. Suppose
∞
s0
ds
f (s) ,
∞
s0
ds
g(s) < ∞ with f ′(s), g ′(s) nondecreasing in (s0,∞) for some s0 ≥ 0. Then the solution
of (1.1) blows up in finite time provided either a, b or u0(x), v0(x) are large enough.
Proof. Set
w = u− δsα(t)φ(x), z = v − δsβ(t)φ(x),
where s(t) is a positive nondecreasing functionwith δ > 0 to be determined,α = 1+p1−pq , β = 1+q1−pq . Then, by Taylor’s formula,
wt = ut − αδsα−1(t)φ(x)s′(t)
= vp(1u+ af (u(x0, t)))− αδsα−1(t)φ(x)s′(t)
= vp1w + avpf (u(x0, t))− δλ1vpsα(t)φ(x)− αδsα−1(t)φ(x)s′(t)
= vp1w + ap
2
f (u(x0, t))ξ
p−1
4 (x, t)z +
a
2
vpf (u(x0, t))− δλ1vpsα(t)φ(x)
+ a
2
f (u(x0, t))δpsβp(t)φp(x)− αδsα−1(t)φ(x)s′(t). (3.5)
Again by Taylor’s formula,
f (u(x0, t)) = f (δsα(t)φ(x0))+ f ′(ξ5(t))w(x0, t).
Noticing βp = α − 1, (3.5) is reduced to
wt = vp1w + b1(x, t)w(x0, t)+ c1(x, t)z + vp
 a
2
f (δsα(t)φ(x0))− δλ1sα(t)φ(x)

+ δφσ1sβp(t)
 a
2
δp−1f (δsα(t)φ(x0))− αs′(t)

= vp1w + b1(x, t)w(x0, t)+ c1(x, t)z + I1 + I2 (3.6)
with σ1 = min(p, 1) and
b1(x, t) = a2 f
′(ξ5(t))δpsβp(t)φp(x)+ a2v
pf ′(ξ5(t)), c1(x, t) = ap2 f (u(x0, t))ξ
p−1
4 (x, t).
Similarly, we also have
zt = uq1z + b2(x, t)z(x0, t)+ c2(x, t)w + uq
[
b
2
g(δsβ(t)φ(x0))− δλ1sβ(t)φ(x)
]
+ δφσ2sαq(t)
[
b
2
δq−1g(δsβ(t)φ(x0))− βs′(t)
]
= uq1z + b2(x, t)z(x0, t)+ c2(x, t)w + J1 + J2 (3.7)
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with σ2 = min(q, 1) and
b2(x, t) = b2g
′(η5(t))δqsαq(t)φq(x)+ b2u
qg ′(η5(t)), c2(x, t) = bq2 g(v(x0, t))η
q−1
4 (x, t).
Without loss of generality, assume p ≤ q. Then α ≤ β . We will show that I1, I2 in (3.6) are nonnegative. Let s(t) solve
the ODE problem
s′(t) = Csα(t), s(0) = 1 (3.8)
with C > 0 to be determined. Since α = 1+q1−pq > 1, s(t) is increasing in t and blows up in a finite time Ts. Take t0 ∈ (0, Ts)
small enough satisfying s(t0) ≤ 2.
Consider I2 at first. We have
a
2α
δp−1f (δsα(t)φ(x0)) = a2α δ
p−1f (δsα(0)φ(x0))+ a2α δ
pf ′(θ1)φ(x0)(sα(t)− 1)
≥ a
2α
δpf ′(θ1)φ(x0)
1
N1 + 1 s
α(t)
≥ Csα(t) = s′(t), t ∈ [t0, Ts), (3.9)
where δsα(t)φ(x0) > θ1 > δφ(x0) > 0, f ′(θ1) > 0 and N1 ∈ R+ large enough. Thus, I2 ≥ 0 for t ∈ [t0, Ts).
Next show I1 is nonnegative too. Since
∞
s0
ds
f (s) <∞with f ′(s) nondecreasing in (s0,∞), we have
lim
s→∞
f (s)
s
= lim
s→∞ f
′(s) = A1 ≤ ∞.
It is easy to see A1 = ∞. Otherwise, there would be s1 > s0 such that f (s) ≤ 2A1s for all s > s1, and hence a contradiction
that ∫ ∞
s0
ds
f (s)
≥ 1
2A1
∫ ∞
s1
ds
s
= ∞.
Consequently, there exists s2 > s0 such that
f (s)
s
≥ 2λ1
φ(x0)
for s ≥ s2.
With such s2, there exists t∗ ∈ (t0, Ts) such that
δφ(x0)sα(t) ≥ s2 for t > t∗,
and hence
f (δφ(x0)sα(t))
δφ(x0)sα(t)
≥ 2λ1
φ(x0)
for t > t∗. (3.10)
Set
a = max1, max
t∈[t0,t∗]
2δφ(x0)sα(t)
f (δφ(x0)sα(t))

, b = max1, max
t∈[t0,t∗]
2δφ(x0)sβ(t)
g(δφ(x0)sβ(t))

. (3.11)
We get from (3.10) and (3.11) for all a ≥a that
a
2
f (δsα(t)φ(x0))− δλ1sα(t)φ(x) ≥ 0,
or equivalently, I1 ≥ 0. By a similar method, we can show J1, J2 ≥ 0 for b ≥b.
In summary, we obtain from (3.6) and (3.7) for all a ≥a and b ≥b that
wt ≥ vp1w + b1(x, t)w(x0, t)+ c1(x, t)z, (x, t) ∈ Ω × (t0, Ts), (3.12)
zt ≥ uq1z + b2(x, t)z(x0, t)+ c2(x, t)w, (x, t) ∈ Ω × (t0, Ts). (3.13)
Without loss of generality, suppose u(x, t0) ≥ u0(x)/2, v(x, t0) ≥ v0(x)/2. Choose δ small such that
w(x, t0) ≥ 12u0(x)− 2
αδφ(x) ≥ 0, z(x, t0) ≥ 12v0(x)− 2
βδφ(x) ≥ 0, x ∈ Ω. (3.14)
By Lemma 2.1 with (3.12)–(3.14) andw = z = 0 on ∂Ω , we conclude
u ≥ δsα(t)φ(x), v ≥ δsβ(t)φ(x), (x, t) ∈ Ω × (t0, T ) (3.15)
with T ≤ Ts.
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Next, we prove the global non-existence of solutions under large initial data u0(x), v0(x). We have shown lims→∞ f (s)s =
∞, lims→∞ g(s)s = ∞. So, there exists s3 > s0 such that
f (s)
s
≥ 2λ1
aφ(x0)
,
g(s)
s
≥ 2λ1
bφ(x0)
for s > s3.
Choose δ = s3
φ(x0)
. We have
δφ(x0)sα(t), δφ(x0)sβ(t) > δφ(x0) = s3, t ∈ [t0, Ts),
and consequently,
a
2
f (δsα(t)φ(x0))− δλ1sα(t)φ(x) ≥ 0, b2g(δs
β(t)φ(x0))− δλ1sβ(t)φ(x) ≥ 0,
which yields I1, J1 ≥ 0. While I2, J2 ≥ 0 are valid regardless of a, b, u0, v0. In addition, for the fixed δ > 0, we can choose
u0(x), v0(x) large enough such that (3.14) holds. This concludes (3.15) immediately. 
4. Global blow-up
We deal with blow-up set for radial solutions in this section.
Theorem 4.1. Let the conditions of Theorem 3.2 hold, withΩ = B(0, R), x0 = 0, p, q ∈ (0, 1) and u′0(r), v′0(r) ≤ 0. Then the
solutions of (1.1) blow up everywhere inΩ .
We give a simple lemma at first.
Lemma 4.1. Under the conditions of Theorem 4.1, let (u, v) be a solution of (1.1) with blow-up time T . For anyT < T , set
k1(t) =
∫ t
T av
p(0, τ )f (u(0, τ ))dτ , k2(t) =
∫ t
T bu
q(0, τ )g(v(0, τ ))dτ .
Then limt→T k1(t) = ∞, limt→T k2(t) = ∞.
Proof. Since u(0, t) = maxΩ¯ u(·, t) by the maximum principle, we know
ut(0, t) ≤ avp(0, t)f (u(0, t)), t ∈ (0, T ).
Integrating over (T , t), we have
u(0, t)− u(0,T ) ≤ ∫ tT avp(0, τ )f (u(0, τ ))dτ .
Due to limt→T u(0, t) = ∞, we obtain limt→T k1(t) = ∞. Similarly, limt→T k2(t) = ∞. 
Proof of Theorem 4.1. Set
I(x, t) = u(x, t)− µφ(x)k1(t), J(x, t) = v(x, t)− µφ(x)k2(t), (x, t) ∈ Ω × (T , T )
with µ > 0 to be determined. Then
I(x,T ), J(x,T ) ≥ 0 inΩ, I, J = 0 on ∂Ω × (T , T ). (4.1)
A computation shows
It = ut − µφk′1(t)
= vp1I + µvpk1(t)1φ + avpf (u(0, t))− µφk′1(t)
= vp1I + λ1vpI + a2v
p(f (u(0, t))− λ1u)+ a2v
pf (u(0, t))− µφk′1(t)
= vp1I + λ1vpI + ap2 f (u(0, t))ξ
p−1
6 J +
a
2
vp(f (u(0, t))− λ1u)+ aφf (u(0, t))
[
µp
2
kp2(t)− µvp(0, t)
]
, (4.2)
and similarly
Jt = uq1J + λ1uqJ + bq2 g(v(0, t))η
q−1
6 I +
b
2
uq(g(v(0, t))− λ1v)+ bφg(v(0, t))
[
µq
2
kq1(t)− µuq(0, t)
]
. (4.3)
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Noticing lims→∞ f (s)s = ∞ by the proof Theorem 3.2, we have limt→T f (u(0,t))u(0,t) = ∞. So, there exists T1 < T such that
f (u(0, t)) ≥ λ1u(0, t) ≥ λ1u, t ∈ [T1, T ). (4.4)
On the other hand, since
lim inf
t→T
k2(t)
v(0, t)
≥ lim inf
t→T
b
 tT uq(0, τ )g(v(0, τ ))dτ tT vτ (0, τ )dτ ≥ 1,
there exists T2 ∈ (0, T ) such that
k2(t)
v(0, t)
≥ 1
2
for t ∈ [T2, T ).
Set µ1 = 2−
p
1−p . Then, for µ ≤ µ1, we have
µp
2
kp2(t)− µvp(0, t) ≥ 0 for t ∈ [T2, T ). (4.5)
Similarly, there exist T 1, T 2 < T such that
g(v(0, t)) ≥ λ1v(0, t) ≥ λ1v for t ∈ [T 1, T ), (4.6)
µq
2
kq1(t)− µuq(0, t) ≥ 0 for t ∈ [T 2, T ), (4.7)
provided µ ≤ µ2 = 2−
q
1−q .
LetT = max{T1, T2, T 1, T 2} andµ = min{µ1, µ2}. It follows from (4.2)–(4.7) that
It ≥ vp1I + λ1vpI + ap2 f (u(0, t))ξ
p−1
6 J, (4.8)
Jt ≥ uq1J + λ1uqJ + bq2 g(v(0, t))η
q−1
6 I (4.9)
hold for all t ∈ [T , T ), µ ≤ µ, namely,
u(x, t) ≥ µφk1(t), v(x, t) ≥ µφk2(t), (x, t) ∈ Ω × [T , T ).
This yields the global blow-up of (u, v) by Lemma 4.1. 
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